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1 Introduction

As is well known, the finite and infinite horizon Markov decision processes
(MDPs, for short) have been an interesting subject, and many authors have
devoted to this topic. Among this research line, the so-called long-run “aver-
age reward” and finite-horizon models are one of the most commonly adopted
versions, in which the widely employed average criteria are the average ex-
pected criterion (see Arapostathis, Borker, Gaucherand, Ghosh and Markus
[2], Derman [6], Dynkin and Yushkevich [7], Filar and Vrieze [10], Herndndez-
Lerma [15], Hernandez-Lerma and Lasserre [16] and Puterman [21], etc.), the
expected average criterion (see Bierth [4], Blackwell [5], Feinberg and Park [8],
and Filar, Krass and Ross [9], etc.), and the sample path average criterion (see
Rolando and Emanuel [22], Ross and Varadarajian [23] and [24], etc.). How-
ever, the majority of the researchers have centered their emphasis on the sta-
tionary case, that is, both rewards and transition probabilities are time free.
Indeed, in real world, both of the above two elements may be changed with
time. Hence, it is more interesting and practical to investigate the situation of
both rewards and transition probabilities being dependent on time (i.e., non-
stationary case). For nonstationary Markov decision processes (NMDPs, for
short) with expected totally reward criterion, some excellent results are avail-
able, for instance, [7] and [17]. In relation to the NMDPs some work has been
done. Now we briefly summarizes the main results on NMDPs. For the case
of finite state and action spaces, Hopp, Bean and Smith [18] show that an
accumulation point of a sequence of finite horizon optimal policies is optimal
for the average expected criterion, and, Alden and Smith [1] provide an error
bound in average expected cost between a rolling horizon policy and an av-
erage expected optimal policy. Bean, Smith and Lasserre [3] extend the results
for the above finite state model to denumerable state case. Park, Bean and
Smith [20] prove that the optimal finite horizon average values converge to the
infinite horizon optimal average expected value in denumerable state case, and
also show that, by an example, even if the NMDPs satisfies the weak ergo-
dicity widely used in the discussions on the average expected criterion, the
stationary MDPs deduced from the NMDPs by the traditional transformation
may not. By using optimality equations, Hou and Guo [19, 11] prove the ex-
istence of average expected optimal Markov policies, and Guo [12, 13] discuss
the properties of the average expected optimal policies and the average vari-
ance criterion. It should be noted that all the rewards in [18, 1, 3, 20, 19, 11,
12, 13] are assumed to be uniformly bounded. For the case of non-uniformly
rewards, Guo, et al. [14] discuss the average expected criterion. It is well
known that the above three average criteria are the preferred criteria in many
applications. However, they are obviously under-selective, that is, two policies
7 and 7’ may have the same average reward value, but 7 may outperform 7’
for all finite-horizon criteria and the errors in finite-horizon rewards between
policies 7 and 7’ may be unbounded in stages. Therefor, the concept of a
canonical policy, which is not only optimal for the average expected criterion,
but also optimal for any finite horizon problems with the additive terminal
rewards, has been introduced, and the existence of canonical policies are
studied (see [7, 2, 16], etc.). But the treatment in [7, 2, 16] is restricted to the
stationary case. For the nonstationary case, the existence of canonical policies
seems not discussed yet. The aim of this paper is to do some work on this area.

In this paper, we shall consider a new criterion consisting of the above three
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average criteria and the canonical triplet (totally so-called strong average-
canonical optimality criterion) and introduce the concept of a strong average-
canonical policy for NMDPs, which is an extension of the canonical policies
of Herndndez-Lerma and Lasserre [16] (pages: 77) and stronger than each of
the above three average criteria. For the case of possibly non-uniformly
bounded rewards and denumerable state space, we first construct, under some
conditions, a solution to the optimality equations (OEs), and then show that
the Markov policies obtained from the OEs are not only optimal for the three
average criteria but also optimal for all finite horizon criteria with a sequence
of additional functions as their terminal rewards (i.e. strong average-canonical
optimal). Also, some properties of the optimal policies and optimal average
expected value convergence are discussed. Especially, an example is given in
which all conditions in this paper are satisfied, but some conditions in [18, 1,
3, 20, 19, 11, 12, 13] fail to hold. Moreover, the error bounds in the three
average rewards between a rolling horizon policy and a strong average-
canonical optimal policy are provided, and then a rolling horizon algorithm
for computing strong average ¢(>0)-optimal Markov policies is presented.

The paper continues as follows: in Section 2, the notation and the defi-
nitions are introduced. The average optimality equations for the underlying
model are established, and the existence of solutions to the OE’s is also pre-
sented in Section 3. The existence of strong average-canonical optimal Markov
policies and their properties are given in Section 4. Section 5 provides an algo-
rithm for computing strong average-canonical ¢ > 0-optimal Markov policies
based the error bounds.

2 Model, notation and definitions

The model considered in this paper is a six-element tuple {:S,, 4,,, (4,(i)|i € Sy,
n>0),(P,), (ra), W} consisting of

(a) a denumerable space S,, the state space at time n, with Borel g-algebra
2A(S,) generated by all subsets of S,;

(b) a Borel space 4, the action space at time n, with Borel g-algebra %#(4,);

(c) a family {A4,(i)|i e Sy,n =0} of nonempty measurable subsets of A4,
where A4,(7) denotes the set of feasible actions when the system is in state
i e S, at stage n. Let

K, :={(i,a)lie Sy,ae 4,(i)}, Vn=>0;

(d) stochastic kernel P, on S,;; given K, that is the transition probability of
the system from stage n to stage n + 1;

(e) a measurable function r,(n >0): K, — R, that is the n stage reward
functions;

(f) a strong average reward criterion W (see in sequel).

For each n =0,1,..., we define the space H, of admissible histories up to
time n as Hy:= Sy and H, := Ky X K} x --- x K,,_1 X S,,, Vn > 1. A generic
element 4, € H,, which is an admissible n-history, is a vector of the form A4, =
(io, agy - - - yin—1,an1,10y) With (i, a,) € K, Yt =0,1,...,n—1, and i, € S,. Of
course, for each n > 0, H, is a subspace of (S, x 4,,)" x S,1.
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A randomized policy is a sequence = = {n,,n =0, 1,...}, where stochastic
kernel 7, on the action space A4, given H,, satisfies

To(Au(i)|hy) =1, Vhye H,, n=0,1,.... (2.1)

The set of all randomized policies is denoted by /7. A randomized policy = =
{my,n=0,1,...} € I is called randomized Markov one, if 7,(:|h,) = 7,(-|iy),
Vh, € H,,n > 0. The set of all randomized Markov policies is denoted by I7,,,.
Let F,, (n = 0) be the set of all functions f, : S, — A, satistying f, (i) € 4,(i),
Vie S,. A randomized Markov policy = = {n,,n > 0} is called a Markov
policy if for every n > 0 there exists a f, € F, such that 7, (f,(i)]i) = 1, Vi € S,
n > 0. Clearly, a Markov policy can be represented as a sequence of mappings
{f,} such that f, € F, for all n > 0. The set of all Markov policies is denoted
by 11}, 4 Obviously, H cll, cIl.

For any 7 e IT and i So, by the result of of Ionescu-Tulcea (see [16] pages
179 and 16), there exists an unique probability measure P! on ((S, x 4,)”,
(#(S,) x B(A,))”) such that P/(H.,) =1, and, for all i € Sy, j € Sy11, n =

Pi(Xy=1i)=1, (2.2)

Pni(A/nJrl = j|X07A07 LR 7Xn; An) = Rz(len:An)7 (23)

where X, and 4, are state and action variables at stage n, respectively. The
expectation operator with respect to P/ is denoted by E. Smce P/(Hy) =1,
the average expected criterion V, the expected average cr1ter10n U, the sample
path average criterion ¥; and the finite-horizon criterion Jy are deﬁned well
respectively as follows: for z € I1,i € Sy and N > 1, let

,1 .
S0 Elrn(Xa, 4n)

V(r,i) = lig sup N ) (2.4)

— 00

N-1
7 i1 — n XmAn
U(n,i) = E! hlrvn sup%, (2.5)
— 00
N-1
U X aAl

Vi(m, i) := li}r&l supw, (2.6)

— 00

[Nl
Iy (7, i) := E! Zrn(Xn,An)}. (2.7)

n=0

Definition 2.1. Let {g,,} be a real number sequence, {u,} be a real-value func-
tion sequence and © € H Then (g, uy, ) is said to be a canonical triplet if, for
everyieSand N > 1,

In(n* iuy) o= Iy (n*, i) + ELuy(Xy) = Z gn + (i (2.8)

> JN(ﬂ, i uN) = JN(ﬂ, l) —&—E,'ZuN(XN) (29)

A policy © € I1 is said to be canonical if it enters into some canonical triplet.
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Obviously, a canonical policy is an optimal for all finite-horizon problems
with uy as the terminal rewards.

Definition 2.2. For any ¢ >0, a policy n* €Il is called V-g-optimal, if
V(n*,i) = V(n,i)—¢ VieSy and ne Il. A V-0-optimal policy is called V-
optzmal Similarly, we can definite U-e-optimal policies and U-optimal policies.

Definition 2.3. For any ¢ > 0, a policy n* € II is called Vi-e-optimal, if there
exists a constant p such that

PLAVi(n*i)=p—e} =1, VieS, (2.10)

P{V(m,i)y<p}=1, VieSp,mell. (2.11)

A V;-0-optimal policy is called Vi-optimal.

Definition 2.4. For any ¢ > 0, a polzcy n* e I1 is called strong average g-optimal,
if * is w-e-optimal for any w € {V, U, V;}. A strong average 0-optimal policy is
called strong average optimal.

Definition 2.5. 4 policy n* € II is called strong average-canonical optimal, if ©*
is strong average optimal and canonical.

It can be easily seen that strong average-canonical optimality is stronger than
any one of average expected optimality, expected average optimality, sample
path average optimality, and is the generalization of the canonical criterion
for stationary MDPs (see [16] (Page: 77), etc.).

3 Optimality equations
In this section, we shall establish the OE’s for NMDP’s and provide some
conditions under which a solution to the OE’s can be constructed.

Let M(S,) denote the set of all real-value functions on S,,.

Definition 3.1. If there exist a real number sequence {g,} and a sequence of
Sfunctions u, € M(S,) such that

gn + up(i) = sup < ry(i,a) + Z Py(jli; @)uni1(j) ¢,
ae A,(i) €S

VieS,, n>0, (3.1)

then we call the functional equations (3.1) the OFE’s for our model and both the
sequences {g,} and {u,} a solution to the OE’s (3.1).

In order to construct a solution to the OE’s (3.1), we need the following
conditions:
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Assumption 3.1. For any n > 0, there exists a measure 6, on S,1 satisfying

(1) 0,(Sps1) #1, and 0,(j) = (or <)P,(jli,a), Vi€ S,, ae A,(i);
(3.2)

11 HrnH + Zl 11 n+l ) (1 *(Sn+t(Si1+t+1))|||rn+l+l|| = Rn < 0,
(3.3)

where |[ra| = SUp;c, e, ol )|

Remark 3.1. It should be noted that Assumption 3.1 is the extension of the
mirror conditions in Dynkin and Yushkevich [7], and the conditions in Park
etal [20], Bean et al. [3 ] and in Alden and Smith [1]. Also, Assumption 3.1 is
weaker than those in Park et al. [20] and in Alden and Smith [1 ]

Iijes,”, SUDjes, ae4,(i) Py(jli,a) # 1 or ZJES .mfteSnaeA,, Py(jli,a) #1
for all n >0, then we take a fixed measure 5, on Sn+l deﬁned as 0,(j) :=
SUP;es, aed,( (]|l (1) JE Sn+1 or oy ( ) 1nfleS,,aeA,, (]|l (l) JE SnJrl

In order to construct a solution to the OEs, we let, for all n >0, i€ S,
aeA,(i) and w e I,

Bo=1, fyi=(1=00(S1)) - (1 =0u1(Sn)); (3:4)
Py(-li,a) := [Pu(-li, @) = 0n()]/ (1 = 0u(Sns1)); (3:5)
Gy(n,i) == E. zoo:/?nrn(n a)| Xy = i} ; (3.6)
n=N
Gy (i) == sup Gy(m,i), (3.7
nell

where, E! denotes the corresponding expected operator for the above new
transition probabilities.
Now, we present our results on the solution to the OE’s.

Theorem 3.1. If Assumption 3.1 holds, then a solution {g,} and {u,} of the OEs
(3.1) satisfying ||u|| < |R,| Vn = 0, can be constructed as follows:

un(i) == G, (i)/B, Yn=0; (3.8)
gn =Y tn1()0u(j) Yn=0. (3.9)
JE€ St

Proof. Since Y |B,llrall| < o0, by Theorem 9.2 in [17], we have
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Gy(i) = sup {(1—5()(31))---(1—5"1<Sn>>rn<z',a>+ 3 Pn<j|z',a>G;H<j)}

aEAﬂ(i> jGS,,Jr[

= Ssup {ﬁnrn(i,a)—k Z [Pa(jlisa) —6,()]/(1 _5n(Sn+l))G;+1(j)}

ae4,(i) jE€Snt1

= sup {ﬁnrn La)+ By Y (Paljli,a) = 6u()))[Gyy (J )/ﬁnJrl]} (3.10)

IZGA,,( ) JESn1

From (3.10), (3.9) and (3.8), we have

gn + uy(i) = sup { i,a) + Z (Jliya Hn+1(])} (3.11)

aeA"U) IESIX 1

which yields (3.1). From (3.8) and (3.6), we can derive ||u,| < |R,|, Yn = 0.
Hence the proof of this theorem is completed. \VAVAV/

Assumption 3.2. (i) For every n > 0 and i € Sy, A,(i) is compact;

(i) For every n >0 and i € S,, the reward function r,(i,a) is upper semi-
continuous in a on A,(i);

(i) For every n>0,i€ S, the function v'(i,a) =3 ;g  Pu(Jjli,a)v(j) is
upper semi-continuous in a on A,(i) for every v € M(S,Hlj.

Theorem 3.2. If Assumptions 3.1 and 3.2 hold, we have

(i) there exist a number sequence {g,} and a function sequence {u,} satisfying
(3.1), ||lun|| < ||Rull, Vn = 0;

(ii) there exists a Markov policy n* = {f} € 1% such that for all i € S, and
n>0,

ra(is S @) Y Palis £ (0))tns1 () = g + un(i). (3.12)

.jesn+1

Proof. By Theorem 3.1, there exist sequences {g,} and {u,} satisfying (3.1)
and |ju,|| < ||Ru|| < o0, Vr = 0. Hence, by Assumption 3.2, part (i) is valid.
Part (ii) follows from part (i) and Lemma 5.6 in [17]. VVV

4 Strong average-canonical optimality

In this section we will derive the existence of strong average ¢-optimal and
strong average-canonical optimal Markov policies from the OE’s (3.1), then
analyze the properties of optimal policies and prove the convergence of the
optimal average expected value. The approach employed here is rather dif-
ferent from those used in [18, 3, 20, 1]. The martingale theory is used to de-
velop our main results.
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Theorem 4 1. If {gn} and {u,} are a solution to the OE’s (3.1) and satisfy
> HMZH < 0, then, for all i € So,m € IT and N > 1,

(a) JN 77:, I uN Z gn + Ll() (41)
(b) V(m i) <p% (4.2)
(© Ulmi)<p (4.3)
(d) P{W(mi)<p'}=1, (4.4)

go+ g1+ -+ gn-1

where, p* := limsupy_, ., N

u
Proof. Forany i € Sy, € IT and n > 0, since >, | | "” < oo, we have
n?

tim 1l (4.5)

n—owo n

Therefor, |Elu,(X,)| < ||un|| < 00 Vn > 0. From (2.3) and (3.1), we obtain

E;[u"+1(Xn+1)|XOaAOa sy XnaAn]

= w1 ()P X, 40)

jesn+l

:rn(Xn7An)+ Z un+1( ) ( |Xn7A ) ()(mAn)

.fESn+1
< In + un(Xn) - rn(Xm An)- (46)
By taking expectation operator E! on the both sides of (4.6), we have
E;i[unJrl(XnJrl)] < gnt E;[“n(Xn)] - E;i["n(Xna ). (4.7)
By induction, for every N > 1, (4.7) gives
‘ N-1
Ellun(Xy)]+ > Ellra(X,, 4,) Z G + uo(i (4.8)
n=0 n=0

which yields part (a).
From (4.5) and (4.8), one has

% Yo 9
V(m, i) < lim sup% =p,

N—w

which completes the proof of part (b).
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To prove parts (c) and (d), for any i € S, and @ € 4,,(i),n > 0, let

Dy(i,a) = ry(i,a) + > g1 (J)Pa(jlis @) — gu — a(i). (4.9)

JE€Sni1
Since {g,} and {u,} are a solution to the OE’s (3.1), we have
D,(i,a) <0, VieS,aeAd,(i) and n=>0. (4.10)
For any h = (g, ao, . . . ,in,an, . ..) € (S, X A,)” and n > 0, let

Zy(h) = Tn(iny @n) + tn i1 (ini1) — gn — Un(in) — Zy(in, an), if hy € Hy;
"o, if h, ¢ H,.

From (2.1), we have

ENZ,| X0, Ao, - - ., X, 4]

:E;;[unwtl( n+1)|X07A07'~~ Zun+l ]|XnaA ) 0.
jeSs

Hence, {Z,IIV 01 Zn,o(Xo, Aoy ..., Xy I,AN 1)} is a martingale. By Elu2(X,)
< ||u,1||2 < o0, we can also derive {3V ' Z,1 is square-integrable. ObV1ously,

{N,a(Xp, AO, ., Xn-1,4n-1)} is predictable increasing. By Theorem 7.5.4 in
[25], we have

N—1
Z, ;
N@?“%:o, ae. — P (4.11)
which gives us
N-1

o1
lim Nz [rn(IYn; An) + un-o—l(/Yn-&-l) - un(Xn) —Ggn — Dn(XnvAn)] = 07

N=w n=0
a.e. —P.. (4.12)

1
Since (—Dy(Xy, 4,)) = 0, a.e.—P! and limy_.,, —

T uy(Xy) =0, a.e. —P!, from
(4.12), we have

0> lijrvn_?zp [N 2 Fn(Xn, 4n) — N; gn + NMN(XN)‘|
1 Nl 1 ¥ )
> liijip v 2 Iy (X, 40) | + liNnLigf— N; gn|, a.e.—P,,

which means
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._

1 N
lim sup [N

N—w =0 N—w

(X, 4, ] < limsup [NZgn] =p*, ae. —P,. (4.13)

Therefore, part (c) is valid.
To prove part (d), we take expectation operator on both sides of (4.13),
then

U(n,i) < p*. (4.14)
Note that 7 and i are arbitrary, the desired result can be obtained from
(4.14). \VAVAV/

In order to prove the existence of the strong average-canonical Markov poli-
cies, and then to discuss the properties of e-optimal policies, for a given se-
quence of numbers ¢, > 0 and i € S,,, we let

A;;n(i) = {a € An(i) : r,1(i, a) + Z Pn(j‘iva)unﬁ-l(j) =gn+ un(i) - 3:1}

JESu1

and
" (&) := {m e I : P(A%(iy)|hy) = 1 Yh, = (io, a0, ..., in) € Hyyn > 0}.

If &, = 0(g), Vn > 0, then we write I7"(e,) as IT7(0) (11" (¢)).

Theorem 4.2. (i) If Assumptions 3.1 holds and all &, > 0, then there exists a
Markov policy m € IT*(g,).

(i) If Assumptions 3.1 and 3.2 hold, then there exists a Markov policy
7 e I17(0).

Proof. Under Assumption 3.1, by Theorem 3.1 we can obtain that [ju,| <
R, < o0, Vn = 0. Hence, for any i€ S,,n > 0, there exists a f,(i) € A& (i),
thus, the corresponding Markov policy 7 := (fy,...,f,,...) € II"(g). This
means part (i) is valid. By Theorems 3.1 and 3.2, part (ii) can be carried out.

VvV

Theorem 4.3. Suppose that {g,} and {u,} are a solution to the OE’s (3.1) and
satify 5, Wl

() If a policy me Il*(e,), then m is strong average e-optimal, here & :=
N-1

. "0 &n
lim sup £n=0 1.
N—o0 )

N

(ii) If a policy n* € IT*(0), then
(a) PLAVi(n*,i)=V(n*,i)=U(=n*,i)=p*} =1, Vie Sy, and
(b) the policy n* is strong average-canonical optimal.
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Proof. (i) Since, for all i € S,,a € A% (i) and n > 0,

ra(i,a) + Z Pu(jli, @)uns1(7) = tn(i) + gn — &, (4.15)
JE€Sut1

and, € IT*(e), i.e. P/(A(iy)|hn) = 1, Yhy, = (ip, a0, . . . ,in) € Hy,n > 0, from
(4.15) we can derive that

E N1 (Xoi1)] + ELra(Xo, 40)] = gn + Elun(X5)] — én- (4.16)
Since E![u,(X,)] < oo, Vn > 0, by (4.16) we obtain

V(r,i) >p* —e. (4.17)
Since 7 € IT*(¢,), we can derive

0< —Dy,(X,,4y) <&,n>0, ae —P,. (4.18)
From (4.12), we have, a.e. —P!

N-1
0= ;ggoﬁg[m(xn,dn) — g — Du(Xa, 4y)]
S RS
< liminf - > [r,, X, 4,) — NZgn + &
. 1 &= SV e,
< h}?j}ipﬁ 2 [Fn( X, 40)] + hm 1nf l——z gn| + hlr\gsipT
. 1 M=l N-1
_ lljlglj}ﬂlpﬁnzo Ira(Xa, 40)) = lim sup Zgn +e
Hence,
1 M=l N-1 ‘
lllr\issolp ; Fn (X, 4n)] = lllrvn_?ipN;gn —¢& ae —P. (4.19)
{hmsuplNZ (X, 4,)] = lim sup— Nzlgne}l VieS,. (4.20)
N—x® =0 N=o 2V 520

Taking expectation operator E on the two sides of (4.19), one has

N—o0

_ ‘ 1 ¥
U(r,i) = E, limsup NZ Fn( Xy A1)
n=0

> lim sup— Zjn— . (4.21)

N—oo =0
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From Theorem 4.1, together with (4.17), (4.20) and (4.21), we have that part
(i) is valid. We now prove part (ii). Since D,(X,, 4,) =0, a.e —P,. for all
i €Sy, from (4.12), we have

lim %Nzl[rn(Xn,An) —gn] =0. (4.22)

N—oo oy

Hence, for all i € S,

N—w N—w

. 1 =
lim sup N z:; ry (X, 4,)] — lim sup— Z gu)

1 N1
< limsup|— » [ra(Xn, 4n) — g4
N—w N —
n=0
1= ,
1 - _ _ _ pi
_A;Ln}c N EZO [Fn(Xn, 40) — gu]| =0 a.e. =Py, (4.23)
therefore,
lim su Fn(Xn, 4,)] = limsu , ae. —P,’;. 4.24
msup ;0 (X msup E Yn (4.24)

P’{ f(m*, i) = limsup— Zgn} . (4.25)

N—

By Theorem 4.1, (4.24) and (4.25), we can obtain part (a) is valid. By Theo-
rem 4.1 and (a), we conclude that the policy is strong average optimal. Hence,
to complete the proof of part (ii), we only need to show that the policy is
canonical. For the policy z*, we have Z,(X,,4,) =0, a.e —P.. for all i € S.
Hence, as the proof of (4.8), we can derive that

E 1 (X)) = w0(i) + 37 ELra(Xae 4] = g (4.26)

n=0 n=0

From Theorem 4.1 and (4.26), we have that (g,,u,,7n*) is a canonical triplet,
therefor the policy n* is indeed canonical. \VAVAV/

To ensure the existence of strong average-canonical optimal Markov policies
and analyze the properties of optimal policies, we provide the following con-
ditions

2
HRH

n=1

Assumption 4.1. >~

< o0

Also, we need the following definition:
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Definition 4.1. 4 policy © € I1 is said to be a convex combination of two policies
7! and 7% in I1, if there exists a sequence of number p, € [0, 1] such that

n(-|h,) = pr (Jhy) + (1 = p)7*(|hy), Yh, e H, and n=>0.
Now we provide the main results in this paper.

Theorem 4.4. (i) If Assumptions (3.1), (3.2) and (4.1) are satisfied, then

(a) there exists a strong average-canonical optimal Markov policy;

(b) if n', 7> € IT*(e), any convex combination of ' and =* is strong average
& optimal.

(c) if n',n? e IT*(0), any convex combination of &' and r* is strong average-
canonical optimal.

(ii) If every A,(i) (i€ S,,n=0) is finite, = sup,|(1 —0,(S))| <1 and
sup, |||l < o, then there exists a strong average-canonical optimal Markov
policy.

Proof. By Theorems 3.1, 3.2, 4.2, the (a) of part (i) can be proved. the (b) and
(c) in part (i) follow from Theorem 4.3. The (a) of part (i) yields part (ii).
\YAVAY

We now discuss some properties about the average expected criterion
studied in [18, 1, 3, 20, 19, 11, 12, 13].

In order to do so, we let {g,} and {u,} be a solution to the OE’s (3.1), for
any h = (ip,do, .- -,y dy, . ..) € Hoy, iy € Syya € Ay(i) and n > 0, define

Mo(i()) = uo(i),

n—1 n—1
Mn(h) = rt(i17at) + ut(l}) — ng Vn > 1 (427)
=0 =0

Theorem 4.5. Suppose Assumption 3.1 holds, and

lim

MN(XN) -
Jim =22 = 0, (4.28)

for a policy me Il and i € Sy, then

. N-1
IV D) = D O =0 if and only if

(@) limy_... v

11m X:r}z\[:_()1 E;LD’? (Xn? Aﬂ)

= 0; (4.29)

(ii) if (4.29) holds, then V (n,i) = p*;
(ili) {M,} is a P!-supermartingale;
(iv) if {M,} is a Pi-martingale, then V (r,i) = p*.

Proof. From (2.3) and (3.1), we obtain, for alln > 0
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E;[Dn(XnaAn)|X07AOa-~-aA/n7An] (430)

= Vn(XmAn) + Z “nJrl( ) (]|Xn>A ) (Xn) — Y9n, (431)

JESu1
which gives
E;;[Dn(Xn;An)] = E;i[rn(A/mAn) + un+1(A/n+l) - un(Xn) - gn]

Therefore,

=
L

ENDy(Xy, 4,)] = In(7,0) + Eluy(Xy) — uo(i Zg,, (4.32)

3
Il
<)

Multiplying (4.32) by 1/N and let N — oo, we obtain part (i). From (4.32), we
have

=
=
L

EXDu(X, ) + D g = Iy (m. i) + Ebuy (Xn) — uo (i), (4.33)

3
i
o
3
i
o

which yields part (ii).
(iii) For any n-history h, = (i, ao, - .., i), from (4.27) and (4.9), we can
obtain that

E/(Myi1|hy) = My, + EL(Dy(X,, 4,)|h), Yn > 0. (4.34)

Thus, since D, is nonpositive, we obtain part (iii). '
Finally, if {M,,} is a P!-martingale, then E!(M,) = E.(M,) = h(i), that is,
from (4.27),

J(nl)+E +Zgnv
n=0

which implies part (iv). \VAVAY

Now we deal with the problem of optimal average value convergence. Let

J3(i) == sup,e gy Jv(m, i) be the optimal N-horizon reward value, V*(i) :=
sup, . 7 be the infinite horizon optimal average reward value.

Ry
Theorem 4.6. If Assumptions (3.1) holds and limy_, ., — N = =0, then

Jo(i —
lim sup w) _ V(i) =p*, VieS).

Proof. Under the Assumptions (3.1), let {g,} and {u,} be a solution to the
OE’s (3.1). Form (4.8), for any 7 € IT and i € Sj, we have
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N-1
In(md) <Y gn + uo(i) — Exfun (X)),
n=0

which gives

N-1
Tu(i) <> gn+uoi) + Ry. (4.35)
n=0

By (4.28) and (4.35), we have

Ji(i
lim sup% <p*

N—w

and V*(i) <p™. (4.36)

On the other hand, by Theorem 4.2 we have, for any ¢ > 0, there exists a
Markov policy 7 € IT*(¢). As the proof of (4.8), we have

N-1
In(m(e),i) = > gu+uoli) — El, [y (Xy)] — Ne. (4.37)
n=0
Hence,
N-1
Jui) = In(n(e),i) = > gu +uo(i) — Ry — Ne, (4.38)
n=0
which yields
lim supJA]]\gl) >p*—¢ and V(i) =p* —e (4.39)
N—oo

Let ¢ — 0, from (4.39) and (4.36), we can finish the proof of this theorem.
\YAVAY

Remark 4.1. In [20], the result of this theorem has also been proved. But in
[20] the following additional assumptions are needed: (1) from each state i, at
stage n, under action a € A,(i), there exists a finite set {j|P,(j|i,a) > 0}. That
is, only a finite set of states is reachable in one step transition from any state,
under any action; (2) also, for every n >0 and i € S, = S, A,(i) is finite; (3)
furthermore, the reward functions r, are required to be uniformly bounded in n,
ie., sup, s ol < .

Next we will show that Assumptions 2 and 3 in [20] fail to hold in the fol-
lowing example, whereas, all assumptions introduced in this paper hold.

Example 4.1. Let S, = S :={1,2,3,4,5} and A,(i) (n = 0,i € S) be nonempty
finite set. The rewards r,(i,a) = n'*7,(i,a), Yae A(i), ie S,n >0, here,
Fn(i,a) e (my,M), ae A(i), ie S, n>0,0 <m< M. The transition law P, is
defined by
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1 1 1 1

0 3 7 7 1

1 1 1 1

i 0 7 7 1

o 1 1 1 1

}),1 = i 3 0 i 7 s ne N], (440)

1 1 1 1

i 1310
1111

i 1110

1 1 1 2

55 0%

1 1 1 1

i 10 37 3

1 1 1 1

})n = 3 0 3 6 3| n€N2, (441)

11111

5 5 5 5 5
1 1

1 oo Lo

where, Ny U N, ={0,1,....n,...}, N\ n N, = &, and Ny or N> may be empty.
Obviously, the rewards 1, is unbounded in time n, i.e. sup, . ||r.|| = co. Hence,
Sor this example we have that: (1) the assumption that sup,- ||| < oo in [18,
1, 3, 20, 19, 11, 12, 13] fails to hold, and (2) if N # &, then f:=
sup, (1 = > sinfuc 4,i)ies Pu(Jjli;a)) = 1, therefor, the condition that f < 1 in
/20, 13 ] is not satisfied. But, we will show that all Assumptions in this paper do
hold.

In fact, we take 6,(j) := maX;csae a(i) Pu(Jjli,a), Vj € S,n € Ny, and, for all
jeS,ne Ny, let 6,(j):=minjecssea() Pu(Jli,a). Then we have 6,(S) = %,
Vn e Ny, and 6,(S) = ¢, Vn € Na. Hence, f* :=sup,~,|(1 —6,(S)| =2 < 1.

From B* < 1, we can easily verify that

o0
IRl < 0 A+ (n+ k)M
k=1

o0
< nl/4M+Zﬁ*k[nl/4 +k]/4]M
k=1

<n'/* [1 +7 fﬁ*]MJrZﬂ*kkl/“M < 0. (4.42)
k=1

IR
Hence, Assumption 3.1 holds. From (4.42), we easily have that ", I "2”
n

< o0. This means that Assumption 4.1 holds. Hence, all Assumptions made in
this paper are satisfied for this example.

5 An algorithm

In this section, the error bound in strong average reward between a rolling
horizon policy and a strong average-canonical optimal policy is provided, and
then a rolling horizon algorithm for computing strong average &(> 0)-optimal
Markov policies is proposed.
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For a fixed finite horizon Ny > 1, the Rolling Horizon Algorithm is stated
as follows:

Step 1. Set m = 0 and n = Nj.

Step 2. Find a f;/(No),m < k < m + Ny such that the so-called finite hori-
zon Markov policy 7* := (f;(No), ..., frnin(No)") is optimal for periods m
through n, and set f,,(No) := £, (No).

Step 3. Letm=m+1and N = Ny + 1.

Step 4. Go to Step 2.

The algorithm above recursively generates the infinite horizon policy:

#(No) = (fo(No).fy(No), - .. .fu(No), ...).

The policy 7(Ny) is called a rolling Ny-horizon algorithm.
Under Assumption 3.1, for n > 0,i € S, let

Ving+1(+) = AmaX FntNot1(5 @),
a€ ApiNy+1(+
Vn+Nr>('> = l’jlax() |:rn+N<1 d + Z n+No Jl 5n+N0 (])) V;7+No+l(j):|
aeAnin, (- JE S
Vali) := max [Vn(iva)Jr > (Pulfliza) = 6,(j) Vasa () |- (5.1)
@it €S
From (3.6), (3.8) and (3.10), we know that
ValD) = un(@)] <> 11 =0u(Su1)) -+ (1= Gt (Spsc) | 7|
k=Ny+1
= R,(Np). (5.2)
For any i € S, and n > 0, we may choose f(i) € 4,(i) such that
Vali) = i S0 (0) + D (a3 (0)) = 80(1) Vi (). (53)
JESn+1
From (5.2) and (5.3), one has
r,,(i,anO(i)) + Z (i, 1 ( ) )utn+1(/)
jESI1+l
= un(l) +gn — Rn(NO) - |1 _511(S)|En+l(N0)
= un(i) +gn — 8,1(N0), (54)

where SH(N()) = Rn(N()) — ‘1 —5n(S)|Rn+1(N0).
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Let #(No) := {f™}. From (5.4), under Assumptions 3.1 and 4.1, by The-
orem 4.1 we have

V(#(No),i) = p* — &(No); (5.5)
U(#(No), i) = p* — &(No):; (5.6)
Bl A (#(No), 1) = p* — &(No)} = 1, (5.7)

here, &(Ny) := lim supy_, N

From th above discussions, we have the following theorem:

Theorem 5.1. If Assumptions 3.1 and 4.1 are satisfied, then the errors in average
expected reward between a rolling No-horizon policy #t(Ny) and a strong aver-
age-canonical optimal policy ©* satisfy (5.8), (5.9) and (5.10).

V(r*, i) — V(7(No),i) < e(No); (5.8)
U(rn*,i) — U(a(No), i) < e(No); (5.9)
Py Vs (m i) — V(=(No), i) < e(No)} = 1. (5.10)

From Theorem 5.1, the following corollary follows.

Corollary 5.1. If the following conditions hold

(i) Assumption 3.1 holds, p* :=sup,-o|(1 —0,(Sps1))| <1, and M :=
SUP, > o|7al| < 005

(i) for any fixed n > 0,i € S, and Ny > 1, the maximum point of (5.1) can
be obtained in finite steps.

Then, for any fixed ¢ > 0, and given n > 0, i € Sy, the action f, (i) can be
calculated in finite steps and the corresponding Markov policy n* = {f,} is
strong average &(Ny)-optimal.

Proof. Under the condition (i ) for any ¢ > 0, we can choose a positive integer

Np such that g™ i By (5.2), we have ¢,(Ny) < ¢, Vn > 0. Hence,

< —.

4
by condition (ii), for any fixed n > 0 and i € S, there exists f,(i) € 4,(i) such
that

—|—ZP i, 7 ()1 (J) = un(i) + g0 — & (5.11)
jeSs

Hence, by Theorem 4.3, we have that the policy 7(No) := {f,'} is strong av-
erage e-optimal.

On the other hand, since ;. g Vi(/)dx+1(/) is independent of both action
a and state i for any k > 0, by induction, we can prove that the f °(i) sat-
isfying (5.3) may be obtained from the followmg (5.14):
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W1+N0+1(') = aEAmaxl rﬂ+No+]('aa)a (512)
n+No+11"

I/VﬂvLNo(') = max r"+No('ﬂ a) + Z Pn+No (]|a a) VVnJrN(vH (])

aeAuing ()

JESning+1
(i) = max ralina) + D Paljli @) Wi (7) |- (5.13)
]GS,7+]
Wa(i) = rais Y0 0) + Y PaGilis /7)) Waia () (5.14)
JE€Sut1

Finally, we can provide an algorithm to find an strong average ¢ > 0-optimal
Markov policy 7* = { £} as follows:

Step 1 for ¢ > 0, choose a positive integer Ny such that g™ -5 < 2;
Step 2 for given n > 0 and i € S, by (5.13), calculate W, (i);

Step 3 select £, (i) € A,(i) satisfying (5.14).

Remark 5.1. The above algorithm is similar to the one given by Alden and Smith
in [1]. However, the algorithm in [1] is restricted to the case of finite state
space. In addition, the proof of convergence of our algorithm is different from
that in [1].
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